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Abstract
The latest fits to the CKM matrix indicate that α = (90.7+4.5−2.9)◦. The proximity of α
to a right-angle raises the question: is it merely accidental or is it due to some physics
beyond the Standard Model? In the framework of our recently-proposed flavour per-
mutation symmetry, we consider the similarities between the quark and lepton mixing
matrices, V and U , arguing that the relative smallness of one element in each suggests
common constraints. These constraints link the smallness of Vub and Ue3 with each
other, and with the approximate µ− τ symmetry observed in leptonic mixing, together
with a prediction of a large Dirac CP phase in both the quark and lepton sectors. In the
quark case, we predict α = (89.0± 0.2)◦ , in agreement with data and suggesting that
the unitarity triangle is in fact very nearly, but not exactly right.
Talk given at the International Conference on Particles and Nuclei (PANIC08), Eilat,
Israel, 13th November 2008.2
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I have to thank Bjorken for the title of my talk, since he posed just this question in
1997 [1]. He was interested, together with Stech [2], in the possibility that the angle γ of
the unitarity triangle (UT) might be exactly 90◦. He also commented (negatively) on an
earlier prediction by Fritzsch and Xing [3] that α ∼ 90◦ might be preferred. The latest
fits [4] to the CKM matrix using data from the B factories and other facilities indicate that
α = (90.7+4.5−2.9)◦, so that Fritzsch and Xing may indeed have been correct. Their successful
prediction was based on their “four texture zero” model of hermitian quark mass matrices
which needed α in the range ∼ 90◦± 20◦ to be consistent with the famous relationship:
sin2θC ≃ mdms +
mu
mc
. We proposed in 2007 [5] an alternative explanation for α≃ 90◦.
We first introduced the idea [5] of flavour-symmetric mixing observables (FSMOs),
namely those mixing observables having specific transformation properties (either even or
odd) under the discrete group of (separate) permutations of the rows and columns of the
mixing matrix (for either quarks or leptons). FSMOs share this flavour-symmetry property
with the Jarlskogian [6], J, which is the prototype flavour-odd observable (with J2 a proto-
type flavour-even variable). FSMOs were also shown to be expressible in terms of simple
functions of the relevant mass matrices. We now propose [7], a complete set of such vari-
ables based on the K-matrix [8] of mixing observables, Kαi := Re (Vβ jVγkV ∗βkV ∗γ j), which is
the CP-conserving analogue of J:
S := ∑
γk
Kγk; R ′ := ∑
γk
(KαiKβ j +Kα jKβi);
K := DetK; 3J2 = ∑
α
∑
i 6= j
KαiKα j = ∑
i
∑
α6=β
KαiKβi. (1)
S , R ′ and J2 are flavour-even, while K is odd. These four variables completely specify
the physical content of complex 3× 3 mixing matrices, modulo permutations of rows and
columns and the sign of J. Expressions for them in terms of the standard (PDG) mixing
parameters, the Wolfenstein parameters and our P-matrix based FSMOs [5] are given in
[7]. We note the following suggestive hierarchy among them: i) CP-phase δ = 0⇒ J = 0;
ii) Any one mixing angle, θi j = 0⇒ J = K = 0; iii) Any two θi j = 0 ⇒ J = K = R ′ = 0;
iv) All three θi j = 0⇒ J = K = R ′ = S = 0.
It is often emphasised that the quark and lepton mixing matrices have very different
forms. However, a unified description remains an important goal, which we seek in flavour-
symmetric terms [5]. Both the quark and lepton mixing matrices share the common feature
that their top right-hand element is significantly smaller than the typical magnitudes of their
other elements. Hence we seek a flavour-symmetric condition for one small mixing matrix
element. Now, a mixing matrix has a zero element if and only if:
K = 0 and J = 0. (2)
We recall that with µ-τ-reflection symmetry [9] (which holds at least to a good approxi-
mation in the leptonic case), the constraint K = 0 follows trivially from the elementary
properties of determinants, since in that case, the µ and τ rows of the K matrix are equal to
each other. Moreover, both conditions, Eq. (2), hold exactly in tri-bimaximal mixing [10].
The two conditions, Eq. (2), may be combined, both being implied when the product, P , of
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the moduli-squared of all nine elements of the mixing matrix satisfies:
P = 0, where P ≡∏
αi
|Vαi|2 = K 2 + J2(2J2 +R ′)2, (3)
which is zero iff K = 0 and J = 0 (since R ′ ≥ 0 always).
For a small, rather than a zero mixing matrix element, one or other (or both) of the
conditions, Eq. (2), should be relaxed. Further, since for the quarks, clearly J 6= 0, while
for both quarks and leptons, the data are consistent with K = 0, we are led to the following
predictive conjecture, consistent with both the quark and lepton data:
K = 0 and |J/Jmax|= small (4)
(it is not implied that the small quantity necessarily has the same value in both sectors).
Equation (4) is a unified and flavour-symmetric, partial description (in the sense that only
two degrees of freedom are constrained) of both lepton and quark mixing matrices. It implies
the existence of at least one small element in each mixing matrix, as manifested by Ue3 and
Vub, and is associated with µ− τ symmetry [9], which is suggested by the lepton data.
While relaxing slightly both constraints, Eq. (2), allows a small mixing angle, θ (eg. θ13),
and an arbitrary CP-phase, relaxing instead only the J-constraint while keeping K = 0,
Eq. (4), still yields a small mixing angle, θ, but now subject to the phase-condition that
one UT angle → 90◦, as J → 0 [such that (θ/θi j)→ 0 (for θi j 6= θ)]. Moreover, since the
(θ13/θi j) are small for both the quarks and leptons, the deviations from 90◦ are small and
calculable in terms of them. Flavour symmetry prevents an a priori prediction of which
UT angle is ≃ 90◦, but this can be obtained from the data (in general, flavour symmetry is
spontaneously broken by the solutions of flavour-symmetric constraint equations).
For the quarks, we use our formula [7, 11] for K in the Wolfenstein parameterisation (be-
ing based on data, the latter already breaks flavour symmetry) to show that K = 0⇒ α≃ 90◦.
Defining the squares of the two non-trivial sides of the standard B physics unitarity triangle
as u≡ ρ2 +η2 and v ≡ 1−2ρ+ρ2 +η2, the cosine rule gives cosα = u+v−12√uv . Meanwhile
K = 0 implies [7, 11]:
u+ v−1≡ 2(ρ2 +η2−ρ) = 2λ2 uv⇒ cosα = λ2√uv≃ λ2η (5)
at leading order in λ2 (it vanishes as sinθ13sinθ23 ∼ λ
√
u→ 0, as foreseen). Eq. (5) predicts:
(90◦−α)≃ λ2η = 1.0◦±0.2◦, (6)
compared with its current measured value [4]: (90◦−α) = 2◦+5◦−6◦ (direct measurement) or
(90◦−α) = −1◦+3◦−5◦ (full CKM fit). The unitarity triangle is indeed, very nearly right! It
will be interesting to test Eq. (6) more precisely in future B physics experiments, such as
LHCb and super flavour factories.
We know experimentally that for leptons, Ue3 is the only small mixing matrix element.
Hence, only the UT angles φµ1, φτ1, φµ2 and φτ2 (using the nomenclature of [11, 12])
can be close to 90◦, and they all satisfy (see eg. Fig. 1 of [12]) |cosφαi| ≃ |cosδ|, where
3
δ = Arg(Ue3). Using our formula [7] for K in terms of PDG parameters, we find that K = 0
implies:
|90◦−δ| ≃ 4cot2θ12 cot2θ23 sinθ13 ≃ 2
√
2 sinθ13 sin(θ23−45◦)<∼4◦, (7)
(1σ) at leading order in small quantities (again vanishing as sinθ13sinθ23 → 0 as expected). Our
conjecture thus predicts a large CP-violating phase in the MNS matrix, which is promising
for the discovery of leptonic CP violation at eg. a future Neutrino Factory.
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